Abstract. For a given odd integer n > 1, we provide some families of imaginary quadratic number fields of the form Q( √ x 2 − t n ) whose ideal class group has a subgroup isomorphic to Z/nZ.
Introduction
The divisibility properties of the class numbers of number fields are very important for understanding the structure of the ideal class groups of number fields. For a given integer n > 1, the Cohen-Lenstra heuristic [3] predicts that a positive proportion of imaginary quadratic number fields have class number divisible by n. Proving this heuristic seems out of reach with the current state of knowledge. On the other hand, many families of (infinitely many) imaginary quadratic fields with class number divisible by n are known. Most of such families are of the type Q( √ x 2 − t n ) or of the type Q( √ x 2 − 4t n ), where x and t are positive integers with some restrictions (for the former see [1, 10, 11, 13, 16, 17, 18, 19, 22, 24] , and for the later see [5, 7, 9, 12, 15, 23] ). Our focus in this article will be on the family K t,x = Q( √ x 2 − t n ). In 1922, T. Nagell [18] proved that for an odd integer n, the class number of imaginary quadratic field K t,x is divisible by n if t is odd, (t, x) = 1, and q | x, q 2 ∤ x for all prime divisors q of n. Let b denote the square factor of x 2 − t n , that is, [22] (resp. A.
paper, we consider the case when both t and x are odd primes and b is unconditional and prove the following: Theorem 1.1. Let n ≥ 3 be an odd integer and p, q be distinct odd primes with q 2 < p n . Let d be the square-free part of q 2 − p n . Assume that q ≡ ±1 (mod |d|).
Moreover, we assume p n/3 = (2q + 1)/3, (q 2 + 2)/3 whenever both d ≡ 1 (mod 4) and 3 | n. Then the class number of
In Table 1 (respectively Table 2 ), we list K p,q for small values of p, q for n = 3 (respectively for n = 5). It is readily seen from these tables that the assumptions in Theorem 1.1 hold very often. We can easily prove, by reading modulo 4, that the condition "p n/3 = (2q + 1)/3, (q 2 + 2)/3" in Theorem 1.1 holds whenever p ≡ 3 (mod 4). Further, if we fix an odd prime q, then the condition "q ≡ ±1 (mod |d|)" in Theorem 1.1 holds almost always, and, this can be proved using the celebrated Siegel's theorem on integral points on affine curves. More precisely, we prove the following theorem in this direction. Theorem 1.2. Let n ≥ 3 be an odd integer not divisible by 3. For each odd prime q the class number of K p,q is divisible by n for all but finitely many p's. Furthermore, for each q there are infinitely many fields K p,q .
Preliminaries
In this section we mention some results which are needed for the proof of the Theorem 1.1. First we state a basic result from algebraic number theory. 
Proof. This can be easily proved by taking modulo some power of two.
We now recall a result of Y. Bugeaud and T. N. Shorey [2] on Diophantine equations which is one of the main ingredient in the proof of Theorem 1.1. Before stating the result of Y. Bugeaud and T. N. Shorey, we need to introduce some definitions and notations.
Let F k denote the kth term in the Fibonacci sequence defined by F 0 = 0, F 1 = 1 and
and p are mutually coprime positive integers with p an odd prime and there exist positive integers r, s such that
, except when λ = 2, in which case the condition "odd" on the prime p should be removed in the definitions of G λ and H λ .
Theorem A. Given λ ∈ {1, √ 2, 2}, a prime p and positive co-prime integers D 1 and D 2 , the number of positive integer solutions (x, y) of the Diophantine equation
is at most one except for
and
We recall the following result of J. H. E. Cohn [4] about appearance of squares in the Lucas sequence.
Theorem B. The only perfect squares appearing in the Lucas sequence are L 1 = 1 and L 3 = 4.
Proofs
We begin with the following crucial proposition. Proof. Let ℓ be a prime divisor of n. Since n is odd, so is ℓ. We first consider the case when d ≡ 2 or 3 (mod 4). If α is an ℓ th power, then there are integers a, b such that
Comparing the real parts, we have
This gives a | q and hence a = ±q or a = ±1.
Taking norm on both sides we obtain
Writing
Also, we have
As ℓ is a prime divisor of n so (x, y) = (|b|, n/ℓ) and (x, y) = (m, n) are distinct solutions of (1) in positive integers for
By (2), we have q = 3, and hence we have 3D 1 s 2 − q 2 = −1. From this together with (3), we obtain
This leads to 2q − 1 = 1 or 2q − 1 = 3, but this is not possible as q is an odd prime.
In this case we have q + m
Comparing the real parts on both sides, we get q ≡ ±1 (mod |d|) which contradicts to the assumption "q ≡ ±1 (mod |d|)".
Next we consider the case when d ≡ 1 (mod 4). If α is an ℓ th power of some integer in K p,q , then there are rational integers a, b such that
In case both a and b are even, then we can proceed as in the case d ≡ 2 or 3 (mod 4) and obtain a contradiction under the assumption q ≡ ±1 (mod |d|). Thus we can assume that both a and b are odd. Again, taking norm on both sides we obtain
Since a, b are odd and p = 2, reading modulo 8 in (4) we get
, by Proposition 2.1 we obtain ℓ = 3. Thus we have
Since a is odd, therefore, we have a ∈ {±1, ±q}. Case (2A): a = q. By (5), we have 8 = q 2 + 3b 2 d, and hence, 2 ≡ q 2 (mod 3). This is not possible.
Case (2B): a = −q. By (4) and (5), we have
From these, we have 3p n/3 = q 2 + 2, which violates our assumption.
Case (2C): a = 1. By (5) and d < 0, we have 8q = 1 + 3b 2 d < 0. This is not possible.
Case (2D): a = −1.
By (4) and (5), we have
From these, we have 3p n/3 = 2q + 1, which violates our assumption. This completes the proof.
We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1. Let m be the positive integer with q 2 − p n = m 2 d and put
We note that α andᾱ are co-prime and N(α) = αᾱ = p n . Thus we get (α) = a n for some integral ideal a of K p,q . We claim that the order of [a] in the ideal class group of K p,q is n. If this is not the case, then we obtain an odd prime divisor ℓ of n and an integer β in K p,q such that (α) = (β) ℓ . As q and p are distinct odd primes, the condition "q ≡ ±1 (mod |d|)" ensures that d < −3. Also d is square-free, hence the only units in the ring of integers of
Thus we have α = ±β ℓ . Since ℓ is odd, therefore, we obtain α = γ ℓ for some integer γ in K p,q which contradicts to Proposition 3.1.
We now give a proof of Theorem 1.2. This is obtained as a consequence of a well known theorem of Siegel (see [8, 20] ).
Proof of Theorem 1.2. Let n > 1 be as in Theorem 1.2 and q be an arbitrary odd prime. For each odd prime p = q, from Theorem 1.1, the class number of K p,q is divisible by n unless q ≡ ±1 (mod |d|). If q ≡ ±1 (mod |d|), then |d| ≤ q + 1.
For any positive integer D, the curve
is an irreducible algebraic curve (see [21] ) of genus bigger than 0. From Siegel's theorem (see [20] ) it follows that there are only finitely many integral points (X, Y ) on the curve (6). Thus, for each d < 0 there are at most finitely many primes p such that
, it follows that there are infinitely many fields K p,q for each odd prime q. Further if p is large enough, then for q 2 − p n = m 2 d, we have |d| > q + 1.
Hence, by Theorem 1.1, the class number of K p,q is divsible by n for p sufficiently large.
Concluding remarks
We remark that the strategy of the proof of Theorem 1.1 can be adopted, together with the following result of W. Ljunggren [14] , to prove Theorem 4.1.
Theorem C. For an odd integer n, the only solutions to the Diophantine equation
in positive integers x, y, n with x > 1 is n = 5, x = 3, y = 11.
Theorem 4.1. For any positive odd integer n and any odd prime p, the class number of the imaginary quadratic field Q( √ 1 − p n ) is divisible by n except for the case (p, n) = (3, 5).
Theorem 4.1 alternatively follows from the work of T. Nagell (Theorem 25 in [19] ) which was elucidated by J. H. E. Cohn (Corollary 1 in [6] ). M. R. Murty gave a proof of Theorem 4.1 under condition either "1 − p n is square-free with n > 5" or "m < p n/4 /2 3/2 whenever m 2 | 1 − p n for some integer m with odd n > 5" (Theorem 1 and Theorem 2 in [16] , also see [17] ). Now we give some demonstration for Theorem 1.1. All the computations in this paper were done using PARI/GP (version 2.7.6). Table 1 gives the list of imaginary quadratic fields K p,q corresponding to n = 3, p ≤ 19 (and hence discriminant not exceeding 19
3 ). Note that the list does not exhaust all the imaginary quadratic fields K p,q of discriminant not exceeding 19 3 . Table 2 is the list of K p,q for n = 5 and p ≤ 7. Table 1 : Numerical examples of Theorem 1 for n = 3. In both the tables we use * in the column for class number to indicate the failure of condition "q ≡ ±1 (mod |d|)" of Theorem 1.1. Appearance of * * in the column for class number indicates that both the conditions "q ≡ ±1 (mod |d|) and p n/3 = (2q + 1)/3, (q 2 + 3)/3" fail to hold. For n = 3, the number of imaginary quadratic number fields obtained from the family provided by T. Nagell (namely K t,1 with t any odd integer) with class number divisible by 3 and discriminant not exceeding 19 3 are at most 9, whereas, in Table 1 there are 59 imaginary quadratic fields K p,q with class number divisible by 3 and discriminant not exceeding 19 3 (Table 1 does not exhaust all such K p,q ). Out of these 59 fields in Table 1 , the conditions of Theorem 1.1 hold for 58. This phenomenon holds for all values of n.
